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1. Homogeneity properties.

Let X be a Hausdorff space.

X is homogeneous if for every x, y ∈ X there

exists a homeomorphism h : X → X such that

h(x) = y.

X is power homogeneous if there exists a

cardinal κ such that Xκ is homogeneous.

Xκ is ∆-homogeneous if for every x, y in the

diagonal of Xκ there exists a homeomorphism

h : Xκ → Xκ such that h(x) = y.

If Xκ is ∆-homogeneous for some cardinal κ

then X is ∆-power homogeneous.



2. Cardinality bounds, old and new.

If X is power homogeneous then |X| ≤ 2π(X).

(van Douwen, 1978)

If X is homogeneous then |X| ≤ |RO(X)|πχ(X).

(Ismail, 1981)

If X is compact and power homogeneous then

(a) |X| ≤ w(X)πχ(X) (van Mill, 2004)

(b) |X| ≤ 2t(X).

(Arhangelskii, van Mill, Ridderbos, 2005)

If X is ∆-power homogeneous then |X| ≤ d(x)πχ(X).

If in addition X is regular then |X| ≤ 2c(X)πχ(X).

(Ridderbos, 2005)



3. θ-density, semiregularization, and ho-
mogeneity.

A subspace D ⊆ X is θ-dense if D ∩ clXU 6= ∅
for every nonempty open set U of X. Let dθ(X)
denote the least cardinality of a θ-dense subset
of X.

Given a point x ∈ X, a collection B of nonempty
open sets is a local πθ-base at x if for every
open set U containing x there exists B ∈ B
such that clXB ⊆ clXU . Let πχθ(x, X), the πθ-
character at x, denote the least cardinality of
a πθ-base at x. Let πχθ(X) = supx∈X πχθ(x, X).

X is semiregular if RO(X) forms a basis for
X. Let Xs, the semiregularization of X, de-
note the space with the same underlying set
as X and RO(X) as a basis. Xs is necessarily
semiregular and Hausdorff.

A space X is quasiregular if for every non-
empty open set U there exists a non-empty
open set V such that clXV ⊆ U .



Proposition. If X is homogeneous, power ho-

mogeneous, or ∆-power homogeneous then Xs

has the same property.

Proposition. (a) c(Xs) = c(X).

(b) πχ(Xs) = πχθ(X) ≤ πχ(X).

(c) dθ(X) ≤ d(X). Equality occurs if X is

quasiregular.

Theorem. (C., 2005) If X is Urysohn and Xs is

∆-power homogeneous then |X| ≤ dθ(X)πχθ(X).



Example. Let Y be the unit circle with its

usual topology and let X be the unit circle

with basis given by

{U\C : U is open in Y and C ∈ [X]<c}.

X is Urysohn and Xs = Y , a homogeneous

space. (In fact X is homogeneous). The ra-

tionals, naturally projected onto the unit circle,

are θ-dense in X. Hence dθ(X) = ω. Also, it

is easy to see that πχθ(X) = ω, d(X) = c, and

πχ(X) = c. The Ridderbos bound gives

|X| ≤ d(X)πχ(X) = cc = 2c

while the bound given above gives

|X| ≤ dθ(X)πχθ(X) = ωω = c.



Theorem. (Šapirovskĭı, 1974) If X is regular

then d(X) ≤ πχ(X)c(X).

Theorem.For any space X, dθ(X) ≤ πχ(X)c(X).

Corollary. If X is quasiregular then

d(X) ≤ πχ(X)c(X).

Theorem. (C., 2005) Suppose X is Urysohn

or quasiregular. If Xs is ∆-power homogenous

then |X| ≤ 2c(X)πχθ(X).

Question. If X is Hausdorff and Xs is ∆-power

homogeneous, is it true that |X| ≤ dθ(X)πχθ(X)?

Question. If X is Hausdorff and Xs is ∆-power

homogeneous, is it true that |X| ≤ 2c(X)πχθ(X)?



5. A variation on a result of Kunen.

An F-space is a Tychonoff space in which

every cozero set is C∗-embedded. Every ex-

tremely disconnected Tychonoff space is an F-

space.

Theorem. (Kunen, 1990) No compact F-space

is power homogeneous.

X is H-closed if it is closed in every Hausdorff

space in which it is embedded, or equivalently,

if every open cover of X has a finite subfamily

whose union is dense in X.

Theorem. (C.,2005) No H-closed extremely dis-

connected space is power homogeneous.

Question. Does there exist an H-closed power

homogeneous space in which every cozero set

is C∗-embedded?


